A modified Borel transform of the Adler function is used to resum the hadronic tau decay width ratio. In contrast to the ordinary Borel transform, the integrand of the Borel integral is renormalization-scale invariant. We use an ansatz which explicitly accounts for the structure of the leading infrared renormalon. Further, we use judiciously chosen conformal transformations for the Borel variable, in order to map sufficiently away from the origin the other ultraviolet and infrared renormalon singularities. In addition, we apply Padé approximants for the corresponding truncated perturbation series of the modified Borel transform, in order to further accelerate the convergence. Comparing the results with the presently available experimental data on the tau hadronic decay width ratio, we obtain α s (M 2 z ) = 0.1192± 0.0007 exp. ± 0.0010 EW+CKM ± 0.0009 th. ± 0.0003 evol. . These predictions virtually agree with those of our previous resummations where we used ordinary Borel transforms instead.
I. INTRODUCTION
strange hadronic τ decay width ratio R τ (△S = 0) can be obtained by using constrained fit values [33] of the (basis modes) leptonic branching ratios B e ≡ B(τ − → e − ν e ν τ ) = (17.83 ± 0.06) × 10 −2 and B µ ≡ B(τ − → µ − ν µ ν τ ) = (17.37 ± 0.07) × 10 −2 of τ , and subtracting the strangeness-changing part [32] R τ (△S = 0) = 0.1630 ± 0.0057
Γ(τ − → ν τ e − ν e (γ)) − R τ (△S = 0)
= (1 − B e − B µ ) B e − R τ (△S = 0) = 3.4713 ± 0.0171 .
The above ratio is a QCD observable at relatively low momenta √ q 2 ∼ m τ ≈ 1.8 GeV, experimentally known to high precision, thus presenting an experimental challenge to the theory. The challenge consists in predicting the strong coupling constant α MS s (M 2 Z ) so that the theoretical uncertainty (δα s ) th. , which partly originates from the uncertainty of the method of resummation and partly from the uncertainty of the associated Adler function, is smaller or comparable to the uncertainty (δα s ) exp. originating from the small experimental uncertainty δR τ ≈ ±0.017 given above.
There is now a wealth of theoretical results [24, [34] [35] [36] [37] [38] [39] [40] available on the observable (2), and, in particular, on the associated Adler function D(Q 2 ) -perturbative as well as nonperturbative. The main QCD theoretical problem connected with the observable (2) is that the pertaining momenta are somewhat low |Q| ∼ m τ (≈ 1.8 GeV), and so the relevant coupling parameter α s (Q 2 ) in the perturbation expansion is large. It is thus important to take into account, in any resummation procedure for R τ and/or D(Q 2 ), not just the known perturbative coefficients, but also a significant part of the nonperturbative information, i.e., the leading infrared renormalon. On the other hand, the nonperturbative contributions to R τ that are represented by power-suppressed OPE terms (apart from the well known quark mass contributions) have been shown to be consistent with zero in the ALEPH analysis [27] .
One version of this program was carried out in our previous work [22] . There we first used the known information on the leading infrared (IR) renormalon and on the corresponding 1/Q 2 -suppressed term of the OPE for the Adler function D(Q 2 ), in order to predict the O(α
. Using this prediction, and judiciously chosen conformal transformations, we resummed R τ by employing a ordinary Borel transform D(b) of the Adler function with an ansatz which explicitly accounted for the leading IR renormalon structure. Comparing the obtained expression with the experimental values (2), we obtained definite predictions for the strong coupling parameter α s (M 2 z ) = 0.1193±0.0007 exp. ±0.0010 EW+CKM ± 0.0009 meth. ± 0.0003 evol. . We fixed the RScl by the principle of minimal sensitivity (PMS) applied to the approximant, and by choosing the MS RSch.
In the present work instead, in order to obtain a cross-check of the predictions, we employ not ordinary Borel transforms but modified Borel transforms of D(Q 2 ). Such Borel transforms were introduced by Grunberg [41] , on the basis of the modified Borel transforms of Ref. [42] . One attractive feature of Grunberg's transforms is that the integrand in the Borel integral is RScl-independent, in contrast to the case of the ordinary Borel transforms. Another interesting feature is that they represent integral transformations of a significantly different form than the ordinary Borel transformation, and have therefore a different singularity structure. Therefore, their application to the hadronic tau decay width ratio and the subsequent extraction of the prediction for α s (M 2 z ) could represent a powerful cross-check of the results of previous work [22] based on ordinary Borel transformations.
In Sec. II we recall the known basic theoretical formulas for R τ (△S = 0) and the associated Adler functions, as well as the reduction to the massless QCD observable r τ . In Sec. III, we present the modified Borel transforms D(b) of the massless Adler function D(Q 2 ). We refer to the Appendix for details about D(b). In Sec. IV we perform the resummation for r τ , by contour integration of D(Q 2 ) in the complex momentum plane, explicitly accounting for the leading IR renormalon structure of D(b) through an ansatz, choosing conformal transformations of the Borel variable b to map away other singularities of D(b), and employing Padé approximants. In Sec. V we compare the obtained expressions with the experimental results and determine α s (m 2 τ ) and α s (M 2 z ). We further estimate the theoretical uncertainties of the prediction. Sec. VI contains a summary and brief discussion of the differences between our results and those of other analyses of R τ .
II. THE KNOWN BASIC FORMULAS, REDUCTION TO MASSLESS QCD
The restriction △S = 0 in Eq. (2) means that only hadrons with quarks u and d are produced. Thus the observable (2) is already close to being massless. This fact removes some of the complications in the theoretical analysis.
The ratio (2) can be expressed, via the application of a variant of the optical theorem, and the subsequent use of Cauchy's theorem and integration by parts, as a contour integral in the complex momentum plane (see, for example, Refs. [24, 40] ):
= (−πi) 
Here we factored out, for convenience, the square of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |V ud |, the electroweak (EW) correction parameter δ EW = 0.0194 ± 0.0050 [43] , and the residual EW correction parameter δ ′ EW = 0.0010 [44] . The contour integration in Eq. (4) is counterclockwise in the complex s-plane, and the general Adler functions D L+T and D L are related to the V+A current-current correlation functions as:
Here, J is the spin of the hadronic system in its rest frame (L: J = 0; T:
ud,V /A are the components in the Lorentz decomposition
of the two-point correlation functions Π 
In the massless quark limit (m u,d → 0), D L (s) vanishes and the vector and axial-vector contributions to D L+T become equal in perturbation and
is the canonically normalized massless Adler function with the perturbative expansion
Here, a = α s (µ 2 ; c 2 , c 3 , . . .)/π is the QCD couplant at the renormalization scale (RScl) µ 2 and in the renormalization scheme (RSch) characterized by the coefficients c j (j ≥ 2) in the beta function
Here, β 0 = (11−2n f /3)/4 and c 1 = (102−38n f /3)/(16β 0 ) are two universal constants which depend only on the number of active quark flavors n f . The Adler functions are quasiobservables, in the sense that they are independent of the RScl and RSch. In order to apply the massless QCD analysis to r τ (△S = 0) (4), we have to subtract from it the quark mass (m u,d = 0) contributions. This can be carried out [24] within an operator product expansion (OPE). The largest quark mass contributions are quark condensate terms
In Eq. (12) The OPE approach of [24] includes other power-suppressed nonperturbative terms that contribute to r τ but do not stem from quark masses: the d = 4 gluon condensate term, and the d = 6 term. The latter term could be large, but it has also comparably large uncertainties 1 The (ud) Adler functions D L+T and D L (5)-(6) usually include, by convention, the additional CKM factor |V ud | 2 (e.g., see Refs. [40] ). [24] . The gluon condensate contribution to r τ in the OPE is α 2 s -suppressed. The ALEPH analysis [27] indicates that these d = 4, 6 nonperturbative contributions to r τ are consistent with the value zero, δr τ (NP; m u,d = 0) = 0.000 ± 0.004. We should keep in mind, however, that the ALEPH analysis assumed that the part of the associated Adler function which has no power-suppressed terms is a (N 3 LO) TPS, while we will perform resummations of this part by taking into account its renormalon singularity structure. Nonetheless, we consider the ALEPH analysis as indicative that even in our resummation framework the powersuppressed OPE-type terms in r τ (apart from the quark mass terms) are either consistent with zero or very small. Therefore, we will ignore in our analysis of r τ any power-suppressed nonperturbative terms other than those in Eqs. (12)- (13) .
The ALEPH analysis further assumed that massless d = 2 terms (∝ 1/Q 2 ) are not present in the Adler function (and thus in r τ ), as suggested by the OPE. Such terms were suggested by the authors of Refs. [45, 46] as an effective tachyonic gluon mass contribution reflecting nonperturbative short-distance QCD. However, the authors of Ref. [47] showed that the strength of such terms is consistent with zero.
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When subtracting the quark mass contributions (12)-(13) from Eq. (4), we end up with the massless QCD observable [51] (the superscript (0) denotes the value at the aforementioned RScl and RSch).
In order to extract the experimental value of r τ (14) , according to Eq. (3) we need to use the values R τ (△S = 0) of Eq. (2), δ EW = 0.0194 ± 0.0050 [43] , δ ′ EW = 0.0010 [44] , δr τ (△S = 0) m u,d =0 (13) , and in addition the value of the CKM matrix element |V ud |, which we take as 
In Eq. (19) , the three uncertainties of Eq. (18) were added in quadrature. The values (18) , together with the contour integral expression (16), will be the starting point for our massless QCD resummation analyses of hadronic τ decays.
III. MODIFIED BOREL TRANSFORMS
The most straightforward way to perform the resummation for r τ given in Eqs. (15)- (16) would be to insert the known truncated perturbation series (TPS) for D(−s) given in Eq. (10) and perform the momentum-contour integration, i.e., the approach of [39] . The method is, firstly, fraught with ambiguities from the choice of RScl and RSch. The final result contains residual, but significant, RScl and RSch dependence, due to the truncation of the series in Eq. (10) . Secondly, the method does not incorporate the known renormalon structure of the Adler function's Borel transform D(b).
In a previous paper [22] , two of us addressed the second problem, by employing in the resummation a (ordinary) Borel transform D(b) that includes the leading IR renormalon via the ansatz
1+ν , and by introducing in addition conformal transformations b = b(w) in order to map sufficiently far away from the origin the singularities of the UV (and the remaining IR) renormalons. However, the integrand in the (ordinary) Borel integral is RScl-and RSch-dependent. This can be inferred from the definition
and from the expansion of the transform around the origin
For example, direct application of the derivative with respect to the RScl µ 2 gives extracted from neutron decays are even lower |V ud | = 0.9728±0.0012 ( [33] and References therein), but appear to have smaller theoretical uncertainties. In view of all these considerations, we take in our analysis the value range as given in Eq. (17) . Here, the central value is from the unitarityconstrained fit, and the uncertainty is increased so that (17) covers all the values from the decays of mirror nuclei and the upper half of the interval from neutron decays.
using the notations of Eq. (11) . Once going beyond the one-loop approximation of the RGE-evolution (11), the integrand is RScl-dependent. If we knew the exact expression of the integrand, the total integral (20) would be RScl-independent. However, since we have a TPS available for D(b), we are forced to use a TPS for R(b)
. This truncation then results in the residual RScl and RSch dependence of the resummed result for D(Q 2 ) and thus for r τ . In [22] we fixed the RScl-parameter ξ 2 ≡ µ 2 /Q 2 according to the principle of minimal sensitivity (PMS), i.e., ∂r τ /∂ξ 2 = 0. The RSch was chosen to be MS. In the present paper we apply, instead of the ordinary Borel transform, several variants of the modified Borel transform D(b) of the Adler function D(Q 2 ). The integrand will be RSclindependent. This Borel transform was introduced for QCD and QED (quasi)observables by Grunberg [41] , who in turn constructed them on the basis of the modified Borel transformations of Ref. [42] . The integral transformation for D(b) is written in the form
Here, D(b;c) = exp(c b/β 0 )D(b; 0) and has no Q 2 -dependence;c is a specific arbitrary constant; ρ 1 is the first RScl and RSch invariant [2] of the Adler function
where Λ is the universal scale appearing in the Stevenson's equation [2] , and Λ is a scale which depends on the observable but is RScl-and RSch-independent. We note that 
.).
We also show that in this case the constantc is in fact the RScl parameterc = β 0 ln(ξ 2 ), where
This special Borel transformation has the remarkable property that the integrand in the Borel integral is RScl-independent (c-independent). Therefore, we can call it RScl-independent Borel transformation, since the change of the RScl only changes the convention of separating the (RScl-invariant) integrand in Eq. (23) into two factors.
Yet another useful property of the modified Borel transform (23) is the following: due to the very simple Q 2 -dependence of the integrand in Eq. (23), the contour integration (16) in the complex momentum plane can be performed analytically, leading to a rather simple expression for the observable r τ , as will be shown in the next section. This is not possible if the mtH RSch is abandoned.
The coefficients of expansion of D(b;c) in Eq. (23) around b = 0 are related with those of the expansion of D(Q 2 ) most easily when we use for the latter expansion the specific mtH
Here 
which has a considerably softened singularity at b = 2 (cut instead of pole). The function D(b;c) as defined in Eq. (23) has additional singularities, as seen from the expansion (25): 1.) it is nonanalytic at b = 0, due to the (finite) factor (c 1 b/β 0 ) c 1 b/β 0 ; 2.) it has additional (spurious) poles at b = −β 0 /c 1 (≈ −1.266 when n f = 3), b = −2β 0 /c 1 , etc. In approximate numerical evaluations of D(Q 2 ) and r τ via D(b;c), such singularities may have disturbing effects unless they are sufficiently far away from the origin. Therefore, we can define the following variants which will be used in (approximate) resummations
We recall that R j (b;c) = exp(c b/β 0 )R j (b; 0). In the above expressions, we restored analyticity at b = 0 by factoring out, instead of the factor (
Our main motivation for this lies in the following: the factor (c 1 b/β 0 ) c 1 b/β 0 is increasing extremely fast with increasing b, while the aforementioned combination has weak b-dependence
Hence, functions R j (b;c) behave at large b roughly as R(b;c), or D(b;c),
i.e., they neither decrease nor increase violently. Therefore, any approximate resummation method will have better chance when applied to them than to an extremely fast increasing or decreasing version. On the other hand, if we just factored out the factor (c 1 b/β 0 ) c 1 b/β 0 , the resulting function, though analytic at b = 0, would at large b decrease violently, as presented by other authors, and concluded that the following estimate is rather safe
We will use the above values which allow us to obtain the power series of R j (b;c) up to N 3 LO (∼ b 3 ).
IV. RESUMMATION PROCEDURE
We will apply summations to the N 3 LO truncated power series (TPS) of the functions R j (b;c). However, in order to obtain the (resummed) values of the massless QCD observable r τ (14) , we have to perform first the complex momentum contour integration (16) , with the massless Adler function there having the integral form (23) 
where
The integration contour in Eqs. (35)- (36) is chosen slightly below (or above) the positive axis, in order to avoid possible singularities of the integrand on the positive axis. When knowing reasonably well the RScl-and RSch-invariant functions R j (b) in Eq. (36), e.g. via resummations as discussed below, the massless QCD observable r τ becomes an expression whose value depends uniquely on the value of the QCD coupling parameter, e.g. on α s (m 
where the perturbation expansion of the last term is given via the definition (11) of the β-function
Here, the MS coefficients are functions of the number of active quark flavors n f and are known up to the N 3 LO (c MS 3 , four-loop) [56] . The number of active quark flavors is assumed to be here n f = 3, because the scale of the process is |Q 2 | = m τ (≈ 1.777 GeV).
We can note from Eq. (36) that ambiguity of integration over b in r τ at the first infrared renormalon singularity of D(b) at b = 2 is suppressed, because the factor sin(πb) has a zero there. This is similar to the one-loop approximation in the approach with the ordinary Borel transform [16, 57] . However, here the absence of the ambiguity is not due to an approximation, it is exact and due to the discussed RScl-invariant Borel approach.
Although the ambiguity at b = 2 is suppressed in the Borel-type of integration (36), we wish to emphasize that it is nonetheless very important to factor out the leading renormalon factor 1/(1 −b/2) there [according to Eq. (26)]. This is so because any resummation of a TPS(b) represents also a quasianalytic continuation of the corresponding function into the region away from the origin, and such continuation is of a better quality when there are as few singularities near the origin as possible. The functions which we will resum in Eq. (36) are R j (b;c), i.e., the functions which have their original pole singularity at b = 2 factored away according to Eq. (26) . The remaining singularity in R j (b;c) is then significantly weaker, it is a cut of the type ∼ ln ( (36), whose TPS's we want to resum via methods of quasianalytic continuation, have the singularities near the origin which are negative (at b = −1 and lower). The nearest singularity on the positive axis is at b = 3. At b = 2 (IR 2 ) there is a weaker logarithmic singularity. The negative singularities near the origin constrain the convergence radius of the perturbation (power) series of R j (b;c)'s to r = 1, and thus represent a possible hindering element to efficient resummations. In our previous work [22] we proposed how to extend the convergence radius up to IR 2 -by either of the following two conformal transformations w = w(b):
Conformal transformation w 3 (b) maps all the renormalon singularities to the unit circle in the w-plane, except for the first IR renormalon which is mapped to w 3 (b = 2) = 1/2. We further note that 
which are monotonously increasing functions for 0 < w 3 , w 4 < 1. We can now reexpress the (N 3 LO) TPS of R j (b;c) (in powers of b) as (N 3 LO) TPS in powers of w 3 or w 4 , by simply using the power expansions of Eq. (41). The advantage of using this form of TPS for resummations lies in the fact that the convergence radius for the power series of R j is now r w 3 = 1/2 in the w 3 -plane, and r w 4 ≈ 0.42 in the w 4 -plane, and the circle of convergence reaches thus the first IR renormalon singularity b(w k ) = 2 (k = 3, 4), in contrast to the case of nontransformed b. In this way, the hindering influence of the UV singularities (negative b's) has been significantly weakened. The mapping w 4 (b) apparently suppresses even more strongly the influence of the UV singularities than w 3 (b), but probably less strongly the influence of the NLO IR renormalon singularity (b = 3). The final formula for r τ in this formulation follows directly from the form (36)
where f j (b)'s are fiven by Eq. (37), w stands for w 3 or w 4 , and we integrate actually only up to a w max corresponding to b ≈ 4 (for w 3 , φ 3 = 0.50536, w 3max = exp(−iφ 3 ); for w 4 ,
. This upper bound on b is justified because the contributions from higher b's are very strongly suppressed due to the exponent in Eq. (42) . Strictly speaking, the path in the w 3 -plane should be along the positive axis (below it) from w 3 = 0 to w 3 = 1, and then along the arc (inner side) of the unit circle between w 3 = 1 and w 3 = w 3 (b = 4) = exp(−iφ 3 ), as shown in Fig. 1 . However, for practical calculations, it is much more convenient to use the integration along the ray w 3 = x exp(−iφ 3 ) (0 ≤ x ≤ 1), as denoted in Eq. (42) and shown in Fig. 1 . Both paths give the same answer, since the closed contour in Fig. 1 does not contain any singularities of the integrand. In the case of w 4 , the trick is the same, and we choose φ 4 = 0.1 instead of φ 4 = 0 for the ray (see Fig. 2 ), in order to avoid any possible problems with numerical instability that would otherwise arise from the too extreme vicinity of the integration path to the possible singularities of the integrand. At this point, we can thus already regard the N 3 LO TPS of the function
as a form of resummation of R j , solely via the mappings (40) . Consequently, expressions (42) evaluated using the aforementioned N 3 LO TPS of R j (b(w k );c) can be regarded as our resummed predictions of r τ ≡ r τ (a 0 ), being functions of the mentioned strong QCD couplant a 0 . There is, however, an additional freedom of choosing the value of the constantc in Eq. (42) . 5 Since the available series of R j (b(w k );c) is truncated, the results of Eq. (42) will have some unphysical dependence on the value ofc. In one of our approaches, we will choose the latter value by the principle of minimal sensitivity (PMS), i.e., by the condition
5 Variation ofc in Eq. (42) corresponds to changing somewhat the numerical procedure used.
when using for R j (b(w k )) their N 3 LO TPS forms. We can, however, proceed in a different way. The N 3 LO TPS of R j (b(w k );c) can be further resummed using Padé approximants (PA's) [58] . 6 The authors of Ref. [59] presented compelling arguments that combining the conformal transformations with the PA-type of resummations in general leads to significantly improved results, at least when a sufficient number of terms in the power expansion are known. Especially the diagonal or almost diagonal PA's [58, 59] , in our case [2/1] R j (w k ) and [1/2] R j (w k ), may represent an efficient way of extending the applicability of expressions for R j into the region sufficiently far away from the origin (quasianalytic continuation).
However, there is a possibility that PA's do not lead to an improvement. This is sometimes the case when the TPS in question is known to a relatively low order, e.g. to the N 3 LO. Since our available TPS's of R j (w k ;c) (k = 3, 4) are known to the N 3 LO (provided a specific value of d = −1 or +0.6. We will include in our analysis the predictions with those PA's [2/1] R j (w k ) whose poles satisfy the latter conditions. For that, we will use our freedom to adjust the value of the constantc in Eq. (42) . On the other hand, PA's [1/2] R j (w k ;c), which have two poles, only rarely satisfy approximately the aforementioned conditions simultaneously.
Furthermore, in practical calculations, we prefer to use for the β MS (39) in the Stevenson's equation (38) the PA [2/3] βMS (x), particularly because of its reasonable singularity structure (x pole ≈ 0.311, corresponding to α pole s ≈ 0.98). The latter signals the breakdown of perturbative QCD (pQCD), and this choice of β MS (x) has been used previously by some of us in Refs. [22, 21] . Since the effective energy in the discussed QCD observable r τ is relatively low E ∼ m τ < 2 GeV, we can expect that this choice is not entirely irrelevant numerically. Later we will comment on how much the results change when employing the (N 3 LO) TPS for β MS (x), instead.
V. PREDICTIONS FOR α s ; THEORETICAL UNCERTAINTIES ESTIMATE
As discussed in the previous section, for a given choice of a 0 ≡ α s (m (18) is achieved by this arithmetic averager τ at α s (m 2 τ ; MS) = 0.3254. The uncertainty of the prediction due to resummation method ("truncation" error) can be estimated by comparing the aforementioned prediction with the prediction which differs the most from it, i.e., with the prediction using the PA [2/1] R j (w k ) with j = 3, k = 4 andc = 1.34 (see the 14th entry of Table I ). This prediction differs from the aforementioned one by |δα s | tr. ≈ 0.0024.
Repeating the very same calculations (at the same values ofc) for the correspondingly higher and lower input values of α s (m 
It is gratifying that in the case of d In order to obtain the uncertainties of the prediction due to the uncertainty d (43), when using N 3 LO TPS for R j (b(w k )), appears to be more difficult as well; the derivatives ∂r τ /∂c are never zero, but are negative for all reasonable values ofc; nonetheless, these slopes have the smallest negative values at specific values ofc -see the corresponding six entries in Table III . Taking the arithmetic averagē r τ of the eight entries of Table III , we infer that the arithmetic average achieves the central measured value (18) There is yet another theoretical uncertainty involved in the prediction (44) , connected with the choice of the renormalization scheme (RSch). As shown in the Appendix, when taking a RSch different from the modified 't Hooft (mtH) RSch c k = c k 1 (k = 2, 3, . . .), the integral transformations involved become more complicated. Then we end up with, instead of the simpler formula (42), the more complicated one (A.22). We note that the leading RSch parameter c 2 has the values c 2 ≈ 3.16; 4.47; 6.58; 5.24 in the mtH, MS, principle of minimal sensitivity (PMS) [2] , and the effective charge (ECH) [3] RSch's (where we take n f = 3; and the PMS and ECH RSch's refer to the N 3 LO TPS of the Adler function). Therefore, we estimate as a characteristic deviation from c 2 = c Table V reach the central value r τ = 0.1960 for the coupling α s (m 2 τ ; MS) = 0.3274, which is by 0.0020 higher than the central value in Eq. (44) . Therefore, adding the deviations 0.0031 and 0.0020 in quadrature gives the estimated uncertainty due to the changes of the RSch to be ±0.0037.
We can thus add to the prediction (44) the discussed uncertainties due to the variation of d 
In the last line, we added the corresponding uncertainties in quadrature; the combined uncertainty due to the uncertainty of d
3 (33), the resummation ("truncation") uncertainty, and the RSch uncertainty we call the theoretical (th.) uncertainty. This combined uncertainty is comparable with the two other uncertainties in Eq. (46) . If we use for the MS β-function in Eq. (38) the N 3 LO TPS form instead of the [2/3] βMS (x) PA form, we obtain, in a way completely analogous to that described in Table I , the central value prediction α s (m [56] . Therefore, we employed the corresponding three-loop matching conditions [60] for the flavor thresholds. The matching was performed at µ(N f ) = κm q (N f ) with the choice κ = 2, where µ(N f ) is the scale above which N f flavors are assumed active, and m q (N f ) is the running quark mass m q (m q ) of the N f 'th flavor. We further assumed m c (m c ) = 1.25 GeV and m b (m b ) = 4.25 GeV [33] . We thus obtain from Eqs. (45) 
In Eq. (48), we added all the uncertainties in quadrature. In Eq. (47), we included the uncertainties due to the RGE evolution, which come primarily from varying κ from 1. In the analysis leading to the results (45)- (48) we assumed that the power-suppressed terms, apart from those from the quark masses, do not contribute to the considered observable R τ , as already emphasized in Sec. II. As mentioned in that section, the inclusive (V+A) fit of the ALEPH Collaboration [27] , within their framework, predicted the contributions of the (massless) power-suppressed terms to the canonical observable r τ to be consistent with zero: δr τ,PS = 0.000 ± 0.004. If we assumed that the latter estimates were valid also in our framework, 7 this δr τ,PS would have to be subtracted from the values given on the right-hand side of (18) , resulting in an additional, "PS"-uncertainty, term ±0.0040 for the r τ . This would in turn give an additional approximate uncertainty ±0.0041 PS in the result (45)- (46) for α s (m (45)- (48) would remain unchanged.
There are at least two indications that the above results (45)- (46) and (47)- (48) are not wrong. In the approach of Ref. [22] , which involved ordinary Borel transform of D(Q 2 ) and where the RScl was fixed according to the (local) PMS and we used the MS RSch, the resulting predictions were very similar: α s (m 7 See the discussion in Sec. II about the differences between our and ALEPH's framework. 8 The method (meth.) uncertainty in [22] is the combination of uncertainties from δd 
which is in almost complete agreement with the predictions (45) and (47), obtained by the employment of the two conformal transformations (40) . In Eqs. (49) and (50), we did not include the uncertainties due to the resummation (truncation) and due to the RSch ambiguities, because we regard these two predictions only as an additional cross-check of our main predictions and uncertainty estimates (45)- (48).
VI. SUMMARY
We calculated the hadronic tau decay width r τ by employing the contour integral form for this quantity in the complex momentum plane (16) and the modified Borel transform for the associated perturbative massless Adler function. By choosing a special renormalization scheme (modified 't Hooft scheme: c k = c k 1 , k = 2, 3, . . .), the integrand of the modified Borel transform is renormalization scale invariant. In our approach, we explicitly account for the structure of the leading infrared (IR) renormalon of the Adler function via the corresponding ansatz. Further, to accelerate the convergence, i.e., to minimize the resummation (truncation) uncertainties, we employ two different conformal transformations which "map away" all the renormalon singularities, except the leading and subleading IR renormalons, onto the unit circle. The correct location of the leading ultraviolet (UV) renormalon or of the subleading IR renormalon is enforced by employing Padé approximants for the truncated perturbation series of the functions associated with the modified Borel transform. The Borel integration, in this appraoch, turns out to have suppressed renormalon ambiguity for r τ at the leading IR renormalon singularity, and the ambiguity due to the subleading renormalons is strongly suppressed by the exponent in the Borel integral. We neglect in the observable r τ all the possible power correction terms (except the dimension d = 4 quark mass terms), because the results of the ALEPH analysis [27] suggest that such terms are consistent with zero or negligibly small even in our resummation framework.
Our analysis predicts the values of α (45)-(48). These predictions agree well with the results obtained in our previous analysis [22] of r τ where we employed the ordinary Borel transforms. The latter transforms have significantly different behavior, expansions and the strengths of the renormalon singularities, and their integrands in the Borel integral are, in contrast to the present approach, renormalization scale dependent. Therefore, our present predictions represent a powerful reconfirmation of the predictions of [22] . We consider this to be important, because analyses of r τ which do not involve Borel transforms and do not account for the leading renormalon structure of the associated Adler functions [27, 61, 10, 19, 62] give predictions for α s (m 2 τ ) and α s (M 2 z ) which significantly differ from our predictions and significantly differ among themselves, as already emphasized in [22] . On the other hand, if accounting for the renormalon structure via a large-β 0 resummation of the ordinary Borel transform and employing an ECHrelated resummation of r τ , as performed by the authors of Ref. [9] , their predicted values α [63] , but somewhat less compatible with the world average 0.1173 ± 0.0020 as given in Ref. [64] .
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Appendix A. MODIFIED BOREL TRANSFORMS IN THE GENERAL RENORMALIZATION SCHEME
For a function f (y) with the (asymptotically divergent) expansion around y = 0
the modified Borel transform F f (ζ) was introduced by the authors of [42] via the following expansion:
where c 1 is the coefficient at the two-loop term of the β-function (11). The authors of [42] further showed that the following integral transformation connects f (y) and F f (z):
Further, they showed that there corresponds to each singularity
On the other hand, the perturbative expansion of the massless Adler function D(Q 2 ) has the canonical form (10) , with a = a(µ 2 ; c 2 , c 3 , . . .) being the QCD couplant, and the coefficients d k having a specific RScl and RSch dependence
2 ) determined by the requirement of the RScl and RSch independence of D(Q 2 ) (cf. also [2] , first entry)
Here, the coefficients d which immediately leads to the relations
. If we use b ≡ β 0 z as the Borel variable, this allows us to write expansion (A.2) as 10) and the integral transformation (A.3) as
If the ordinary Borel transform D(b; ξ 2 ; c 2 , . . .) (21) has a singularity of the form 14) where β(x) is in the RSch considered, i.e., its expansion around x = 0 is: β(x; c 2 , . . .)/β 0 = −x 2 (1+c 1 x+c 2 x 2 +· · ·). Therefore, Eq. (A.12) can be rewritten 
2 )
2 )(11c 1 −4d
3 )
2 )(85c
3 )(13c 1 −3d The above expression (A. 19) shows the remarkable property of the mtH RSch: the whole integrand in the modified Borel transformation in the mtH RSch is RScl-independent (ξ 2 -independent). This appears the main reason why Grunberg [41] 
